A numerical method is developed for solving the Abel s integral equations is presented. The method is based upon Hermite wavelet approximations. Hermite wavelet method is then utilized to reduce the Abel s integral equations into the solution of algebraic equations. Illustrative examples are included to demonstrate the validity, efficiency and applicability of the proposed technique. Algorithm provides high accuracy and compared with other existing methods.
Introduction
Wavelets theory is a new emerging tool in applied mathematical research area. It is applicable in various fields, such as, signal analysis for waveform representation and segmentations, time-frequency analysis and Harmonic analysis. Wavelets permit the accurate representation of a variety of functions and operators. Moreover, wavelets establish a connection with fast numerical algorithms [1, 2] . Since 1991 the various types of wavelet methods have been applied for the numerical solution of different kinds of integral equations [3] . Namely, the Haar wavelets method [3] , Legendre wavelets method [4] , Rationalized haar wavelet [5] , Hermite cubic splines [6] , Coifman wavelet scaling functions [7] , CAS wavelets [8] , Bernoulli wavelets [9] , wavelet preconditioned techniques [25] [26] [27] [28] . Some of the papers are found for solving Abel s integral equations using the wavelet based methods, such as Legendre wavelets [10] and Chebyshev wavelets [11] .
Abel s integral equations have applications in various fields of science and engineering. Such as microscopy, seismology, semiconductors, scattering theory, heat conduction, metallurgy, fluid flow, chemical reactions, plasma diagnostics, X-ray radiography, physical electronics, nuclear physics [12] [13] [14] .
In 1823, Abel, when generalizing the tautochrone problem derived the equation:
where f (x) is a known function and y(x) is an unknown function to be determined. This equation is a particular case of a linear Volterra integral equation of the first kind. For solving eq. (1) different numerical based methods have been developed over the past few years, such as product integration methods [15] , collocation method [16, 17] , homotopy analysis transform method [18] . The generalized Abel s integral equations on a finite segment appeared for the first time in the paper of Zeilon [19] . There are several numerical methods for approximating the solution of singular integral equations is known. Baker [20] studied the numerical treatment of integral equations. A numerical solution of weakly singular volterra integral equations was introduced in [21] . Babolian and Salimi [22] discussed an operational matrix method based on block-pulse functions for singular integral equations. In this paper, we introduced the Hermite wavelets based numerical method for solving Abel s integral equations.
The article is organized as follows: In Section 2, formulation of Hermite wavelets and function approximation is presented. Section 3 is devoted the method of solution. In section 4, numerical results are demonstrated the accuracy of the proposed method by some of the illustrative examples. Lastly, the conclusion is given in section 5.
Properties of Hermite Wavelets
Wavelets constitute a family of functions constructed from dilation and translation of a single function called mother wavelet. When the dilation parameter a and translation parameter b varies continuously, we have the following family of continuous wavelets:
, ∀a, bεR, a = 0.
If we restrict the parameters a and b to discrete values as a = a −k 0 , b = nb 0 a −k 0 , a 0 > 1, b 0 > 0. We have the following family of discrete wavelets ψ k,n (x) = |a| 1/2 ψ(a k 0 x − nb 0 ), ∀a, bεR, a = 0, where ψ k,n form a wavelet basis for L 2 (R) . In particular, when a 0 = 2 and b 0 = 1 ,then ψ k,n (x) forms an orthonormal basis. Hermite wavelets are defined as [24] ψ k,n (x) =
Here is Hermite polynomials of degree m with respect to weight function W (x) = √ 1 − x 2 on the real line R and satisfies the following recurrence formula H 0 (x) = 1,
Function approximation:
Here we approximating the solution y(x) of Abel's integral equations using Hermite wavelet basis as follows:
where ψ n,m (x) is given in eq.(2). We approximate y(x) by truncating the series represented in eq.(4) as,
3 Convergence and Error Analysis Proof: Let L 2 (R) be the infinite dimensional Hilbert space and ψ n,m is defined as eq.(2) forms an orthonormal basis.
Let
Let us denote the sequence of partial sums S n of {c n,i ψ n,i (x)}, Let S n and S m be the partial sums with n ≥ m. Now we have to prove S n is a Cauchy sequence in Hilbert space
This implies, n ∑ i=m+1 c n,i ψ n,i (x) → 0. and Therefore {S p } is a Cauchy sequence and it converges to s (say). We assert that y(
Hence y(x) = s and n ∑ i=0 c n,i ψ n,i (x) converges to y(x) as n → ∞ and proved.
is the approximate solution using Hermite wavelet. Then the error bound would be given by,
Proof: Applying the definition of norm in the inner product space, we have,
where P m (x) is the interpolating polynomial of degree m which approximates y (x) on I n . By using the maximum error estimate for the polynomial on I n , then
which, we have used the well-known maximum error bound for the interpolation.
Method of Solution
Consider the Abel s integral equation of the form,
where λ = 0 or λ = 1. We first approximate y(x) as truncated series defined in eq.(4). That is,
where C and Ψ(x) are defined in eq.(6) and (7) . Then substituting eq.(9) in eq.(8), we get
Next, assume eq.(10) is precise at following collocation points x i = 2i − 1 2 k M , i = 1, 2, ..., 2 k−1 M. Then we obtain
Next, we obtain the system of algebraic equations with 2 k−1 M unknown coefficients. By solving this system of equations, we get Hermite wavelet coefficients and then substituting these coefficients in eq.(9), we get the approximate solution of eq.(8).
Numerical Examples
In this section, we present Hermite wavelets method for the numerical solution of Abel s integral equation to demonstrate the capability of the present method.
Error f unction
where y e and y a are the exact and approximate solution respectively. 
We apply the present method to solve eq.(12) with k = 1 and M = 4. Then we get truncating approximate solution with unknowns as,
Then applying the procedure discussed in the section 3. We get a system of four algebraic equations with four unknowns and solving this system, we obtain the Hermite wavelet coefficients as, c 
which has the exact solution y(x) = 2 π √ x. We solved the eq.(14) using the present method and obtained approximate solution is compared with exact and other existing methods which reflects in table 2 and figure 2. Error analysis is shown in table 3 and figure 3. 
which has the exact solution y(x) = 1 − exp(πt)er f c( πt) . We solved the eq.(16) by the present method, we The Hermite wavelet method is applied for the numerical solution of Abel s integral equations. The present method reduces an integral equation into a set of algebraic equations. Obtained results are higher accuracy with exact ones and existing methods [22, 23] , which can be observed in section 5. The numerical results shows that the accuracy improves with increasing the values of M for better accuracy. Convergence theorem reveals that existence of solution.
